
Quantitative Methods in Finance

Toward A General Framework for Modelling Roll-Over Risk

Mesias Alfeus∗

June 9, 2021

Introduction

Option pricing theory has its origin in the seminal paper of Black & Scholes (1973)

and an important insight contributed by Merton (1973) to a general probabilistic

framework. These papers are rightly credited with both stimulating academic research

and igniting the subsequent explosion in derivative trading. It is rare indeed for

academic work to garner such an immediate impact. As however, a consequence of

the complex dynamic of market evolution, various ad-hoc mathematical tools were

developed, clouding the intuition for mechanisms in finance. Although mathematical

models are magnificent tools that can shape our understanding about the market

evolution, they can also stand in the way of nuanced account of the phenomena in

the financial markets they purport to describe.

Over the last two decades, quantitative finance methods were arguably misused.

As a result, financial mathematics as a whole was criticized by several experts and

laymen for being the architect for the huge financial losses incurred in the last few

credit crises turmoil. It is our contention that the models were misused by practi-

tioners who indeed neglected model assumptions. As a consequence, relationships in
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finance were viewed through a distorting lens.

There are two notable events since the birth of financial pricing models. The first

one is the volatility smile effect of October 1987. This is a peculiar, implied volatility

patterns observed in pricing financial derivatives. Volatility surface is a mechanism

that captures the market view of the probability distribution that the asset price is

expected to have at maturity date. In the original Black-Scholes model, regarding

the hypothesis of constant volatility, the implied volatility is flat as a function of the

maturity date and the strike. The implied volatility observed in the market shifted

the wisdom of constant volatility. New modeling approaches (e.g., the widespread

application of local volatility, stochastic volatility and jump diffusion models) were

then developed to incorporate stylized facts such as the volatility smile and other

asymmetric features observed in the market. This was the first major development in

financial mathematics, and it prompts us to ask deeper questions about the unrealistic

assumptions in the mathematical models and look for more complex explanations.

However, finding a model that works with multiple features is always a challenge.

The second key feature of the financial turmoil of the past year has been the

credit crunch or the GFC that began in August 2007. Perhaps this is the main

reason for the embarrassment of mathematical models in finance. Although there

are many factors that led to this crisis, of course the role of financial engineers and

their failure to exercise proper due diligence in the crisis cannot be disputed. The

adoption of Gaussian Copula model with unjustifiable correlation parameter value

fail to realistically model the default risk inherent in the loan backed securities. As a

result, the model failed to capture peculiar systemic risks. Failure to capture systemic

risk in the pricing model results in a price that is not risk-adjusted for correlation

risk.

These events gave us an insightful glimpse on how models can get into trouble and

drifted our intuition, ushering us to develop consistent models that can be used to

fully capture all observed features in the financial market. Alfeus (2019) delved deeper

into consistent stochastic models for new phenomena in financial market, and point

out how various financial market anomalies can be modeled in a unified framework.
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Basis Swap

A plain-vanilla interest rate swap is an over the counter (OTC) agreement contract

that exchanges fixed against floating rates. A swap contract is specified by maturity

which determine how long it will run, and each leg of a swap has a tenor - the maturity

of the reference rate. A money market basis swap is a type of a swap contract that

exchanges two cash flows both based on floating rate (LIBOR) but different tenors,

e.g. 3-months LIBOR for 6-months LIBOR. Pricing a basis swap contract based on

classical no-arbitrage theory dictate that a basis swap is fair if neither party pays an

additional spread on top of its interest installment. This basis spread was usually too

small to contribute arbitrage profit and as such it was traditionally ignored in the pre-

crisis pricing dynamics. It was a common practice that neither party pays a spread

to exclude risk-less profits. It is important to note that the pre-crisis assumptions

with regard to the behavior of interest rates no longer hold. Rates once compatible

are now following distinct dynamics and need to be modeled as separate entities.

Indeed, the GFC has created a phenomenon that was not observed in the market

i.e., the phenomenon of the frequency basis spreads have been excluded in the most

part of the interest rate literature. Since the beginning of the GFC, it became the

most essential feature of the interest rate market. There is now a substantial spread

between floating rates of different tenors. Interest rate market has become segmented.

Before the crisis one just need one term structure for a particular credit rating for

example inter-bank AA-rated bank. With counterparty of equivalent credit rating, it

makes a difference whether to enter a swap contract which exchanges 3 months verses

6 months LIBOR or 3 months verses 12 months LIBOR. Figure 1 shows observed

USD market basis spread. These spread were around zero before the GFC, raised

substantially during the GFC, but never come back to pre-crisis level. Moreover, in

both Figure 1a and Figure 1b, the spread rose during the first COVID-19 lockdown.

This is an indication of prevailing risks in the financial market. These spreads point

out that there are now different dimensions in the market of interest rates; matu-

rity dimension, credit quality dimension and tenor dimension. The additional tenor

dimension segmented the market further. Unlike before the crisis, there is now a dis-

tinction between tenors. The presence of tenor structure exacerbates various levels
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Figure 1: USD Basis Swap Market (based on data from Bloomberg)

of risk premium for different tenors. This has become one of the important features

that every post-GFC model for interest rate should at least try to accommodate. As

such, pricing and risk management of the basis swaps market is more delicate task

post-GFC and requires careful consideration.

The literature for multiple curve feature has received massive focus in research

papers over the last 10 years mainly on modeling risks associated the observed basis

spreads. The existing literature claims these risk premiums are driven by default risk

or counterparty risk, and liquidity risk. While some conclude that it is a combination

of the two. However, because basis swap are collateralized derivatives, strictly speak-
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ing default risk has very little effect in explaining the phenomenon because this risk for

a AA-rated panel bank is already priced into the contract. Hence these approaches

clearly are not sufficient to explain the fundamental aspects of the large observed

spread. One may then wonder as to why can’t banks really take advantage of such as

a persistent market spread by doing the usual business of borrowing at shorter matu-

rity and lending at longer maturity? Because if such phenomenon presents arbitrage

opportunities, then clearly those opportunities are not yet well exploited. The direct

consequence of that arbitrage strategy is the “roll-over risk ‘’ which encapsulates the

risk that a bank sitting on an inter-bank panel may be unable to borrow at the inter-

bank overnight reference rate at some point in the future. Roll-over risk is consists

of two risks: the risk that the bank may deteriorate in credit quality relative to the

‘average’ bank sitting on the inter-bank panel and the risk that the bank may expe-

rience worse liquidity than the ‘average’ panel bank. We contend that the arbitrage

opportunity has not been well- exploited due to the complex roll-over risk dynamics.

We take a different modeling point view to explicitly model roll-over risk which offers

a best explanation of basis spreads which have proliferated since the Global Financial

Crisis.

Modelling Roll-Over Risk

Mathematical models for the term structure of interest rates have changed at a higher

level of complexity. Uncertainty in the market is modeled through a filtered proba-

bility space (Ω,F , (Ft)t∈[0,T ],Q), supporting all the price processes we are about to

introduce. Here, Q denotes the risk neutral measure, so that we are modeling the mar-

ket directly under the pricing measure. Denote by rc the continuously compounded

short rate abstraction of the inter-bank overnight rate (e.g., Fed funds rate or EO-

NIA). This is equal to the riskless (default–free) continuously compounded short rate

r plus a credit spread. Let q be the loss fraction in default. Then

rc(s) = r(s) + Λ(s)q (1)
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Strategy Time
t = 0 t = T

(1) Borrow overnight,

1 −e
∫ T
t rc(s)dsrolling from time

t to T .

(2) Enter OIS 0 e
∫ T
t rc(s)ds − (1 + (T − t)OIS(t, T ))

(3) Lend at LIBOR -1 1 + (T − t)L(t, T )

Net outcome 0 (T − t)(L(t, T )−OIS(t, T ))

Table 1: Strategy to exploit the LIBOR/OIS spread assuming the absence of roll–over
risk.

where Λ(s)q is the average credit spread across the panel and Λ(s) is the corresponding

default intensity. Roll–over risk is modelled via the introduction of a π(s), denoting

the spread over rc(s) which an arbitrary but fixed entity must pay when borrowing

overnight. π(s) has two components,

π(s) = φ(s) + λ(s)q (2)

where φ(s) is pure funding liquidity risk (both idiosyncratic and systemic) and λ(s)q

is the idiosyncratic credit spread over rc.

Table 1 shows a strategy to take advantage of the basis spread. Note that the

term rate L(t, T ) refers to a simple rate which accrues interest between time t = 0

and maturity time t = T . In the above Table, the initial investment is 0 and the

arbitrageur is left to pocket the spread. This ‘arbitrage’ strategy is particular to

continuous borrowing but can be easily generalised to any case where the reference

entity is rolling-over borrowing at the shorter tenor and lending at the longer tenor.

However, it is evident that this is not an arbitrage opportunity, as it is not riskless.

The strategy in Table 1 assumes the reference bank will be able to roll-over always

borrowing at rc(t) throughout the duration of the strategy. However, due to the

presence of roll-over risk, this assumption will not hold in general.

We now cycle through the arbitrage strategy in Table 1 in the presence of roll-over

risk.

1. Borrowing overnight from t to T (setting δ = T − t), rolling principal and
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interest forward until maturity, an arbitrary but fixed entity pays at time T :

− e
∫ T
t rc(s)dse

∫ T
t π(s)ds (3)

discount this with

r(s) + (Λ(s) + λ(s))q = rc(s) + λ(s)q

the present value of (3) is

− EQ
t

[
e
∫ T
t φ(s)ds

]
(4)

2. Enter OIS to receive the overnight rate and pay the fixed rate OIS(t, T ), dis-

counting with rc (due to collateralisation of OIS), the present value of the pay-

ments is

EQ
t

[
1− e−

∫ T
t rc(s)ds − e−

∫ T
t rc(s)dsOIS(t, T )δ

]
(5)

3. Spot LIBOR observed at time t for the accrual period [t, T ] is denoted by L(t, T ).

Lending at LIBOR L(t, T ), we receive (at time T ) the credit risky payment

1 + δL(t, T )

Discounting as above with rc(s) + λ(s)q, the present value of this is

EQ
t

[
e−

∫ T
t (rc(s)+λ(s)q)ds(1 + δL(t, T ))

]
(6)

We must have (because the initial investment in the strategy is zero) that the sum
of the three terms ((4), (5) and (6)) is zero, i.e.

EQ
t

[
e
∫ T
t
φ(s)ds

]
= EQ

t

[
1 + e−

∫ T
t

(rc(s)+λ(s)q)ds(1 + δL(t, T ))− e−
∫ T
t
rc(s)ds(1 + δOIS(t, T ))

]
(7)

= 1 + EQ
t

[
e−

∫ T
t

(rc(s)+λ(s)q)ds(1 + δL(t, T ))
]
− E

[
e−

∫ T
t
rc(s)ds(1 + δOIS(t, T ))

]
︸ ︷︷ ︸

=1

The following remarks are worth noting:

• The last term in the above Equation is equal to one because the mark-to-market
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value for OIS at inception is zero

• In pre-crisis models, the expectation

EQ
t

[
e−

∫ T
t (rc(s)+λ(s)q)ds(1 + δL(t, T ))

]
= 1 (8)

but due to roll-over risk

EQ
t

[
e−

∫ T
t (rc(s)+λ(s)q)ds(1 + δL(t, T ))

]
6= 1 (9)

because the discounting in (9) only takes into account credit risk (including

“renewal risk”), i.e. it does not take into account the premium a borrower of

LIBOR (as opposed to rolling overnight borrowing) would pay for avoiding the

roll–over risk inherent in φ(s).

We have now arrived to a roll-over risk framework by simplifying Equation (7)

EQ
t

[
e
∫ T
t φ(s)ds

]
= EQ

t

[
e−

∫ T
t (rc(s)+λ(s)q)ds(1 + δL(t, T ))

]
. (10)

One may assume that the model is driven by a Wishart Cox–Ingersoll– Ross process

Xt given by

dXt = (2MXt + αQ2)dt+ 2Q
√
XtdWt α ≥ 2 X0 = x0. (11)

The model variables are defined as follows:

rc(t) = a0 + tr[AXt] (12)

λ(t) = b0 + tr[BXt] (13)

φ(t) = c0 + tr[CXt], (14)

where A,B,C ∈ S̄+
d and a0, b0, c0 ∈ R+. Here tr[·] is the trace operator on any

arbitrary square matrix. The advantage of Wishart processes is to incorporate risks

measured by volatility-covolatility matrices.
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Conclusion

Alfeus (2019) and Alfeus et al (2020) performed empirical studies of roll–over risk

dynamics and further works were explored by Backwell et al (2021) in pursuit to

find a robust approach to disentangle the funding liquidity and the downgrade credit

risk component of the roll-over risk. The model calibration can be extended to in-

clude credit default swaps, funding valuation adjustments (FVA) to the OIS, vanilla

and basis swap data from emerging markets. The framework can also be used to

construct South African OIS discount factor dynamics are in a manner consistent

with the estimated roll–over risk dynamics. Under roll-over risk framework, nonlin-

ear instruments such as caps/floors and swaptions can be priced with no additional

computational costs - this work is underway.
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